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scattering events, and on the wave phenomena emerging
from them.

Results
Maxwell’s equations in the time-domain enforce the

following relations among the instantaneous electro-
magnetic fields and the total current J ¼ Jc þ Js, formed
by conduction Jc and impressed current Js,

∇ ´E ¼ �∂tB

∇ ´H ¼ ∂tDþ J
ð1Þ

where E, H are the electric and magnetic fields, and B, D
are the magnetic induction and electric displacement.
The common assumption in the broad literature on TIs
is that, as the material properties abruptly change, and in
the absence of material dispersion or currents (J ¼ 0), the
magnetic induction B and the electric displacement D
are conserved. The common justification for this
assumption is that their continuity avoids the divergence
of the time derivatives in Eq. (1), and is associated with
momentum conservation due to preserved spatial
symmetry32,37–39.
As we show in the following, and consistently with

recent experiments34, a TI does not necessarily conserve
B and D, but rather the boundary conditions strongly
depend on the way in which the electromagnetic prop-
erties of the medium are changed in time. For instance, in
the recent experimental demonstration of time reflections

at a TI in a loaded transmission-line metamaterial34, it
was observed that, in certain configurations, rather than B
and D the conserved quantities were E and H. As a by-
product, the local charge, proportional to D, and the total
momentum density D ´B are not necessarily conserved at
a TI, as commonly assumed in the literature. In order to
debunk these results and understand the underlying
conditions that determine conservation laws at TIs, in the
following we develop a general model for TIs from first
principles, within a framework dual to spatial interfaces,
to derive the proper boundary conditions as a function of
the underlying TI implementation.
Consider the boundary between two uniform trans-

mission lines (Fig. 1a) or between two non-dispersive
media (Fig. 1b). At position z0 the material permittivity, or
the capacitance per unit length of the transmission line,
changes from ε1 to ε2, forming a spatial interface. The
boundary conditions for the in-plane electric and mag-
netic fields can be derived by integrating Eq. (1) over a
volume that contains the interface (as sketched in Fig. 1b)
and using Gauss’s theorem. Letting the volume vanish
yields the conventional boundary conditions (see, e.g.,
ref. 39)

Exðzþ0 Þ � Exðz�0 Þ ¼ 0

Hyðzþ0 Þ � Hyðz�0 Þ ¼ J s
ð2Þ

where J s is the electric surface current density at the
interface (in the absence of magnetic currents). For J s ¼
0, the expected continuity of tangential E and H is
obtained.
The boundary conditions at a TI can be derived in a

dual fashion: let us consider a TI at which the dielectric
permittivity or unit-length capacitance ε is abruptly
switched in time from ε1 to ε2, as sketched in Fig. 1c, d.
Here we restrict ourselves to dielectric TIs, but similar
arguments apply to the magnetic scenario. By integrating
Ampère-Maxwell’s law and Faraday’s law [Eq. (1)] over a
finite time interval, and letting this time-interval shrink to
zero around the TI, we find that the integral of the
magnetic field H vanishes, the integral of the displace-
ment field yields the difference Dxðtþ0 Þ � Dxðt�0 Þ, and the
integral of the electric current yields

R tþ0
t�0
J sðtÞdt ¼ �σ se,

representing the change in electric charge at the TI. Thus,
the generalized temporal boundary conditions read

Byðtþ0 Þ � Byðt�0 Þ ¼ 0

Dxðtþ0 Þ � Dxðt�0 Þ ¼ σ se
ð3Þ

where again σ se corresponds to charges acquired or lost at
the TI, as a function of the process that drives the
permittivity change in time. In the presence of a magnetic
charge discontinuity, a term in the first equation of (3)
may also arise.
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Fig. 1 Spatial vs temporal boundaries and corresponding
sources. a, b Spatial and (c, d) temporal interfaces, represented as
(a, c) transmission lines with abruptly varying capacitance per unit
length and (b, d) materials with abruptly varying permittivity. Dual to
the way surface currents at a spatial interface may cause a
discontinuity in the tangential magnetic field H, interface charges at a
temporal interface can induce a discontinuity in the displacement
field D
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Abstract
Exotic forms of wave control have been emerging by engineering matter in space and time. In this framework,
temporal photonic interfaces, i.e., abrupt changes in the electromagnetic properties of a material, have been shown to
induce temporal scattering phenomena dual to spatial reflection and refraction, at the basis of photonic time crystals
and space-time metamaterials. Despite decades-old theoretical studies on these topics, and recent experimental
demonstrations, the careful modeling of these phenomena has been lagging behind. Here, we develop from first
principles a rigorous model of the electrodynamics of temporal photonic interfaces, highlighting the crucial role of the
mechanisms driving time variations. We demonstrate that the boundary conditions and conservation laws associated
with temporal scattering may substantially deviate from those commonly employed in the literature, based on their
microscopic implementation. Our results open new vistas for both fundamental investigations over light–matter
interactions in time-varying structures and for the prospect of their future implementations and applications in optics
and photonics.

Introduction
Ultrafast temporal control of materials and metama-

terials has recently emerged as a powerful tool for wave
manipulation and control. In addition to serving as a
fourth dimension beyond the three spatial ones, time
empowers wave physics with a plethora of opportunities,
enabling negative refraction1,2, amplification, both based
on photon pair generation3–6 and on cascaded photon
upconversion7,8, broken time-reversal symmetry and
topological wave phenomena9,10, synthetic optical drag11

and nonreciprocity12–17, photonic refrigeration18 and
thermal radiation engineering19,20, non-Abelian Ahar-
onov-Bohm interference21, as well as synthetic collisions
between photons22, emission control23, filtering para-
digms for classical24 and quantum states of light25, and
pulse routing and polarization control based on time-
varying bianisotropy26,27, among others28. At the basis of
these phenomena are scattering phenomena dual to those
enabled by spatial inhomogeneities. Over the years, it has
been recognized that scattering from temporal boundaries

is fundamentally distinct from spatial scattering, due to
different causality relations and underlying conservation
laws.
The foundational phenomena at the basis of temporal

scattering are time-refraction - whereby a pulse is uniformly
frequency-shifted as it experiences a temporal change in the
optical properties of the host medium29,30; time-diffraction -
whereby frequency fringes are produced upon scattering off
an inhomogeneous structure whose electromagnetic
response is varying in time at a rate comparable to a single
optical cycle31; and time-reflection – consisting in broad-
band time-reversal of the wave generated by an abrupt,
spatially homogeneous change in the wave impedance of
the host material, forming a time-interface (TI)32–36. Care-
fully predicting the scattering products of time variations
requires an understanding of the conservation laws that
govern these non-conservative electrodynamic processes,
and the corresponding boundary conditions. While this
problem has a long history of theoretical investigations32, its
recent experimental demonstrations spurred renewed
interest in exploring their accurate modeling34,36. In the
following, we derive from first principles the boundary
conditions emerging at a TI and highlight the role of the
microscopic implementation of TIs in determining the
quantities that are conserved in the process. These findings
have implications on the energy required to drive temporal
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scattering events, and on the wave phenomena emerging
from them.

Results
Maxwell’s equations in the time-domain enforce the

following relations among the instantaneous electro-
magnetic fields and the total current J ¼ Jc þ Js, formed
by conduction Jc and impressed current Js,

∇ ´E ¼ �∂tB

∇ ´H ¼ ∂tDþ J
ð1Þ

where E, H are the electric and magnetic fields, and B, D
are the magnetic induction and electric displacement.
The common assumption in the broad literature on TIs
is that, as the material properties abruptly change, and in
the absence of material dispersion or currents (J ¼ 0), the
magnetic induction B and the electric displacement D
are conserved. The common justification for this
assumption is that their continuity avoids the divergence
of the time derivatives in Eq. (1), and is associated with
momentum conservation due to preserved spatial
symmetry32,37–39.
As we show in the following, and consistently with

recent experiments34, a TI does not necessarily conserve
B and D, but rather the boundary conditions strongly
depend on the way in which the electromagnetic prop-
erties of the medium are changed in time. For instance, in
the recent experimental demonstration of time reflections

at a TI in a loaded transmission-line metamaterial34, it
was observed that, in certain configurations, rather than B
and D the conserved quantities were E and H. As a by-
product, the local charge, proportional to D, and the total
momentum density D ´B are not necessarily conserved at
a TI, as commonly assumed in the literature. In order to
debunk these results and understand the underlying
conditions that determine conservation laws at TIs, in the
following we develop a general model for TIs from first
principles, within a framework dual to spatial interfaces,
to derive the proper boundary conditions as a function of
the underlying TI implementation.
Consider the boundary between two uniform trans-

mission lines (Fig. 1a) or between two non-dispersive
media (Fig. 1b). At position z0 the material permittivity, or
the capacitance per unit length of the transmission line,
changes from ε1 to ε2, forming a spatial interface. The
boundary conditions for the in-plane electric and mag-
netic fields can be derived by integrating Eq. (1) over a
volume that contains the interface (as sketched in Fig. 1b)
and using Gauss’s theorem. Letting the volume vanish
yields the conventional boundary conditions (see, e.g.,
ref. 39)

Exðzþ0 Þ � Exðz�0 Þ ¼ 0

Hyðzþ0 Þ � Hyðz�0 Þ ¼ J s
ð2Þ

where J s is the electric surface current density at the
interface (in the absence of magnetic currents). For J s ¼
0, the expected continuity of tangential E and H is
obtained.
The boundary conditions at a TI can be derived in a

dual fashion: let us consider a TI at which the dielectric
permittivity or unit-length capacitance ε is abruptly
switched in time from ε1 to ε2, as sketched in Fig. 1c, d.
Here we restrict ourselves to dielectric TIs, but similar
arguments apply to the magnetic scenario. By integrating
Ampère-Maxwell’s law and Faraday’s law [Eq. (1)] over a
finite time interval, and letting this time-interval shrink to
zero around the TI, we find that the integral of the
magnetic field H vanishes, the integral of the displace-
ment field yields the difference Dxðtþ0 Þ � Dxðt�0 Þ, and the
integral of the electric current yields

R tþ0
t�0
J sðtÞdt ¼ �σ se,

representing the change in electric charge at the TI. Thus,
the generalized temporal boundary conditions read

Byðtþ0 Þ � Byðt�0 Þ ¼ 0

Dxðtþ0 Þ � Dxðt�0 Þ ¼ σ se
ð3Þ

where again σ se corresponds to charges acquired or lost at
the TI, as a function of the process that drives the
permittivity change in time. In the presence of a magnetic
charge discontinuity, a term in the first equation of (3)
may also arise.
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Fig. 1 Spatial vs temporal boundaries and corresponding
sources. a, b Spatial and (c, d) temporal interfaces, represented as
(a, c) transmission lines with abruptly varying capacitance per unit
length and (b, d) materials with abruptly varying permittivity. Dual to
the way surface currents at a spatial interface may cause a
discontinuity in the tangential magnetic field H, interface charges at a
temporal interface can induce a discontinuity in the displacement
field D
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Introduction
Ultrafast temporal control of materials and metama-

terials has recently emerged as a powerful tool for wave
manipulation and control. In addition to serving as a
fourth dimension beyond the three spatial ones, time
empowers wave physics with a plethora of opportunities,
enabling negative refraction1,2, amplification, both based
on photon pair generation3–6 and on cascaded photon
upconversion7,8, broken time-reversal symmetry and
topological wave phenomena9,10, synthetic optical drag11

and nonreciprocity12–17, photonic refrigeration18 and
thermal radiation engineering19,20, non-Abelian Ahar-
onov-Bohm interference21, as well as synthetic collisions
between photons22, emission control23, filtering para-
digms for classical24 and quantum states of light25, and
pulse routing and polarization control based on time-
varying bianisotropy26,27, among others28. At the basis of
these phenomena are scattering phenomena dual to those
enabled by spatial inhomogeneities. Over the years, it has
been recognized that scattering from temporal boundaries

is fundamentally distinct from spatial scattering, due to
different causality relations and underlying conservation
laws.
The foundational phenomena at the basis of temporal

scattering are time-refraction - whereby a pulse is uniformly
frequency-shifted as it experiences a temporal change in the
optical properties of the host medium29,30; time-diffraction -
whereby frequency fringes are produced upon scattering off
an inhomogeneous structure whose electromagnetic
response is varying in time at a rate comparable to a single
optical cycle31; and time-reflection – consisting in broad-
band time-reversal of the wave generated by an abrupt,
spatially homogeneous change in the wave impedance of
the host material, forming a time-interface (TI)32–36. Care-
fully predicting the scattering products of time variations
requires an understanding of the conservation laws that
govern these non-conservative electrodynamic processes,
and the corresponding boundary conditions. While this
problem has a long history of theoretical investigations32, its
recent experimental demonstrations spurred renewed
interest in exploring their accurate modeling34,36. In the
following, we derive from first principles the boundary
conditions emerging at a TI and highlight the role of the
microscopic implementation of TIs in determining the
quantities that are conserved in the process. These findings
have implications on the energy required to drive temporal
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the TI is reduced. This decrease in energy is consistent with
the well-known two-capacitor problem40, whereby the closing
of a switch between a charged and an uncharged capacitor
results in a net loss of energy via ohmic or radiative channels
if the charge is conserved in the process. As expected, the
total momentum P (red line) is conserved36,39,41.
The dual phenomenon corresponds to a reduction of

permittivity (Fig. 2b), which may be obtained by switching off
a capacitor C1 initially present in the unit cell. However, in
order for this scenario to conserve the total bound charge Q
in the system, we cannot simply disconnect it from the
transmission-line, but we need to make sure that a charge
equal to the one present in C1 at the instant of the TI is
instantaneously transferred to the residual unit cell capaci-
tance via an external mechanism (represented in the figure
by a current generator). Given the need for a current gen-
erator in the presence of a finite voltage, we can expect the
emergence of gain in this scenario, which is indeed consistent
with the fact that the total energy U � jDj2=ε increases at a
TI with ε2 < ε1 under the assumption that D is conserved.
Indeed, Fig. 2c (bottom) confirms that, as ε2=ε1 < 1 decrea-
ses, the total energy in the system grows, together with a
growing time-reflected wave. Also in this case the momen-
tum is conserved in the process, since we conserve charge
and D. A practical implementation of such a scenario is a TI
in which the permittivity is reduced through a variable
capacitor (varactor diode), which requires energy to decrease
its capacitance in the presence of an applied voltage across its
terminals, conserving the charge.
The gain mechanism supporting the continuity of D at a

TI with ε2 < ε1 cannot be achieved through a switch, which
was the mechanism used to generate TIs in ref. 34. Indeed,
in this experimental realization the TI was achieved by
switching out the lumped capacitors previously loading the
transmission-line, implying, as sketched in Fig. 2c, that
charges may be lost upon switching (where “lost” is inten-
ded as charge being taken out of the medium supporting
the wave propagation). This charge loss corresponds to a
nonzero σ se in Eq. (3), consistent with the emergence of
temporal surface charges at a TI that modify the boundary
conditions and conservation laws. In this scenario, the
displacement field is discontinuous, and the outflux or
influx of charges at the TI needs to be considered. Since the
two capacitors in Fig. 2c are in parallel, the off-switching of
C1 does not modify the voltage across the parallel branch,
hence the E field remains continuous at the TI. The
resulting scattering coefficients for the electric field of the
time-refracted and time-reflected waves become

TE ¼ 1
2

1þ
ffiffiffiffi
ε1
ε2

r� �
;RE ¼ 1

2
1�

ffiffiffiffi
ε1
ε2

r� �
ð5Þ

which are consistent with those measured in ref. 34 for TIs
in which the permittivity decreases.

In the continuum limit, charge continuity implies that
an instantaneous current source J s ¼ �∂t ½ε�E emerges in
Ampere-Maxwell’s law

∇ ´H ¼ ε∂t ½E� þ ∂t ½ε�Eþ Js ð6Þ

exactly canceling the term proportional to the time-
derivative ∂t½ε�Ex, and capturing the in/outflux of charges
that leave (or enter) the system. As expected, both energy
and momentum are reduced in this scenario (bottom),
due to the loss of bound charges. This scenario
corresponds to the sudden removal of polarizable matter,
subtracting their electromagnetic energy and momentum
from the system.
In a dual fashion, we may impose electric field con-

tinuity upon a TI involving a permittivity increase
(Fig. 2d), by assuming that the additional capacitor C1

enters the system with a nonzero initial distribution of
bound charges, preventing charge redistribution. Here
again D is not continuous, implying the presence of the
same source term in Maxwell’s equations as the previous
case, but here with the effect of adding bound charges to
the system, increasing energy and momentum (bottom).
This scenario is equivalent to adding polarizable matter,
which contributes its initial energy and momentum.
While the four examples discussed in Fig. 2 correspond

in pairs to the same macroscopic scattering phenomenon
(time-interfaces with increasing or decreasing permittiv-
ity), the underlying microscopic implementation sub-
stantially changes the conservation laws, the boundary
conditions, and the overall electromagnetic result. Sup-
plementary Material (SM) Sec. 1 shows time-domain
numerical solutions for the respective scenarios, demon-
strating the importance of carefully selecting the appro-
priate boundary conditions in the continuous modeling of
TIs that describe their actual implementation.
We stress that these results affect both sub-cycle

switching processes, described by TIs and associated
boundary conditions, as well as continuous parametric
processes, in which again the continuity of various quan-
tities along the process needs to be carefully assessed based
on the underlying mechanisms and phenomena. Supple-
mentary Material Sec. 8 shows FDTD simulations of the
scattering coefficients as a function of the rise time for the
difference scenarios considered. Although so far we have
highlighted the importance of the microscopic imple-
mentation of TIs via a circuit picture, these electrodynamic
considerations are very much relevant also in the context of
ultrafast optical switching in natural materials. For instance,
the effect of a pump beam in a nonlinear material may or
may not conserve bound charges and decrease the effective
permittivity by stretching lattice bonds in a phononic
crystal, which can vary the Born charge42, or in turn it may
produce interface charges by creating or recombining
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In the case of charge conservation at the TI, we obtain
the conventional boundary conditions, implying the
continuity of B and D, from which we can derive the well-
established temporal scattering coefficients for the electric
field32,37,38

TD ¼ ε1
2ε2

1þ
ffiffiffiffi
ε2
ε1

r� �
;RD ¼ ε1

2ε2
1�

ffiffiffiffi
ε2
ε1

r� �
ð4Þ

where T is the temporal transmission (also known as
forward wave) and R is the temporal reflection (backward
wave), and the subscripts D denote the continuity of
electric displacement.
The occurrence of ‘surface charges’ that arise at a TI

may appear at first sight improbable, justifying the fact
that they have been neglected in the broad literature on
this topic. Yet, we show in the following that charge dis-
continuities naturally emerge in many instances, based on
the microscopic implementation of TIs. Consider first a
TI consisting of a sudden permittivity increase (ε2 > ε1), as
sketched in Fig. 2a. In our transmission-line model, this
may be obtained by adding a capacitor in the parallel
branch of each L-C unit cell, which may be achieved
through a switching element with dynamics much faster

than the wave period. Indeed, this is the scheme used in
the experimental demonstration of temporal reflection in
ref. 34, based on a loaded transmission-line metamaterial
connected to a dense array of switched elements. After
closing the switch, the total bound charge Q per unit
length originally present in the parallel branch of the
transmission line is redistributed between the original
unit cell capacitance and the additional one, while the
voltage across the two parallel capacitors drops.
In the homogenization limit, consistent with Fig. 1d, this

phenomenon corresponds to the conservation of the mac-
roscopic displacement field D and an abrupt drop in E, in
agreement with the conventional conservation laws at a TI
with ε2 > ε1 (assuming no dispersion). The corresponding
scattering coefficients indeed read as in Eq. (4). The bottom
panel of Fig. 2a shows the logarithm of the ratio between final
and initial electromagnetic energy densityU / εjEj2 þ μjHj2
for the forward (dashed line) and backward (dotted line)
waves, their sum (total, continuous line) and the net elec-
tromagnetic (Minkowski) momentum density P ¼ D ´B
(corresponding to the difference between the forward and
backward wave energy density, multiplied by

ffiffi
ε

p
), as we vary

the ratio ε2=ε1 > 1. As expected, the time reflection grows as
the permittivity contrast increases, and the total energy after
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energy, as well as the momentum density. Finally, imposing electric field continuity upon (d) a permittivity increase is equivalent to assuming that
the additional capacitance enters the system with a dynamically varying, nonzero bound charge, produced, e.g., by a current source, in order to
preserve the voltage, resulting in (d, bottom) an increase in total energy and momentum density
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the TI is reduced. This decrease in energy is consistent with
the well-known two-capacitor problem40, whereby the closing
of a switch between a charged and an uncharged capacitor
results in a net loss of energy via ohmic or radiative channels
if the charge is conserved in the process. As expected, the
total momentum P (red line) is conserved36,39,41.
The dual phenomenon corresponds to a reduction of

permittivity (Fig. 2b), which may be obtained by switching off
a capacitor C1 initially present in the unit cell. However, in
order for this scenario to conserve the total bound charge Q
in the system, we cannot simply disconnect it from the
transmission-line, but we need to make sure that a charge
equal to the one present in C1 at the instant of the TI is
instantaneously transferred to the residual unit cell capaci-
tance via an external mechanism (represented in the figure
by a current generator). Given the need for a current gen-
erator in the presence of a finite voltage, we can expect the
emergence of gain in this scenario, which is indeed consistent
with the fact that the total energy U � jDj2=ε increases at a
TI with ε2 < ε1 under the assumption that D is conserved.
Indeed, Fig. 2c (bottom) confirms that, as ε2=ε1 < 1 decrea-
ses, the total energy in the system grows, together with a
growing time-reflected wave. Also in this case the momen-
tum is conserved in the process, since we conserve charge
and D. A practical implementation of such a scenario is a TI
in which the permittivity is reduced through a variable
capacitor (varactor diode), which requires energy to decrease
its capacitance in the presence of an applied voltage across its
terminals, conserving the charge.
The gain mechanism supporting the continuity of D at a

TI with ε2 < ε1 cannot be achieved through a switch, which
was the mechanism used to generate TIs in ref. 34. Indeed,
in this experimental realization the TI was achieved by
switching out the lumped capacitors previously loading the
transmission-line, implying, as sketched in Fig. 2c, that
charges may be lost upon switching (where “lost” is inten-
ded as charge being taken out of the medium supporting
the wave propagation). This charge loss corresponds to a
nonzero σ se in Eq. (3), consistent with the emergence of
temporal surface charges at a TI that modify the boundary
conditions and conservation laws. In this scenario, the
displacement field is discontinuous, and the outflux or
influx of charges at the TI needs to be considered. Since the
two capacitors in Fig. 2c are in parallel, the off-switching of
C1 does not modify the voltage across the parallel branch,
hence the E field remains continuous at the TI. The
resulting scattering coefficients for the electric field of the
time-refracted and time-reflected waves become

TE ¼ 1
2

1þ
ffiffiffiffi
ε1
ε2

r� �
;RE ¼ 1

2
1�

ffiffiffiffi
ε1
ε2

r� �
ð5Þ

which are consistent with those measured in ref. 34 for TIs
in which the permittivity decreases.

In the continuum limit, charge continuity implies that
an instantaneous current source J s ¼ �∂t ½ε�E emerges in
Ampere-Maxwell’s law

∇ ´H ¼ ε∂t ½E� þ ∂t ½ε�Eþ Js ð6Þ

exactly canceling the term proportional to the time-
derivative ∂t½ε�Ex, and capturing the in/outflux of charges
that leave (or enter) the system. As expected, both energy
and momentum are reduced in this scenario (bottom),
due to the loss of bound charges. This scenario
corresponds to the sudden removal of polarizable matter,
subtracting their electromagnetic energy and momentum
from the system.
In a dual fashion, we may impose electric field con-

tinuity upon a TI involving a permittivity increase
(Fig. 2d), by assuming that the additional capacitor C1

enters the system with a nonzero initial distribution of
bound charges, preventing charge redistribution. Here
again D is not continuous, implying the presence of the
same source term in Maxwell’s equations as the previous
case, but here with the effect of adding bound charges to
the system, increasing energy and momentum (bottom).
This scenario is equivalent to adding polarizable matter,
which contributes its initial energy and momentum.
While the four examples discussed in Fig. 2 correspond

in pairs to the same macroscopic scattering phenomenon
(time-interfaces with increasing or decreasing permittiv-
ity), the underlying microscopic implementation sub-
stantially changes the conservation laws, the boundary
conditions, and the overall electromagnetic result. Sup-
plementary Material (SM) Sec. 1 shows time-domain
numerical solutions for the respective scenarios, demon-
strating the importance of carefully selecting the appro-
priate boundary conditions in the continuous modeling of
TIs that describe their actual implementation.
We stress that these results affect both sub-cycle

switching processes, described by TIs and associated
boundary conditions, as well as continuous parametric
processes, in which again the continuity of various quan-
tities along the process needs to be carefully assessed based
on the underlying mechanisms and phenomena. Supple-
mentary Material Sec. 8 shows FDTD simulations of the
scattering coefficients as a function of the rise time for the
difference scenarios considered. Although so far we have
highlighted the importance of the microscopic imple-
mentation of TIs via a circuit picture, these electrodynamic
considerations are very much relevant also in the context of
ultrafast optical switching in natural materials. For instance,
the effect of a pump beam in a nonlinear material may or
may not conserve bound charges and decrease the effective
permittivity by stretching lattice bonds in a phononic
crystal, which can vary the Born charge42, or in turn it may
produce interface charges by creating or recombining
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In the case of charge conservation at the TI, we obtain
the conventional boundary conditions, implying the
continuity of B and D, from which we can derive the well-
established temporal scattering coefficients for the electric
field32,37,38

TD ¼ ε1
2ε2

1þ
ffiffiffiffi
ε2
ε1

r� �
;RD ¼ ε1

2ε2
1�

ffiffiffiffi
ε2
ε1

r� �
ð4Þ

where T is the temporal transmission (also known as
forward wave) and R is the temporal reflection (backward
wave), and the subscripts D denote the continuity of
electric displacement.
The occurrence of ‘surface charges’ that arise at a TI

may appear at first sight improbable, justifying the fact
that they have been neglected in the broad literature on
this topic. Yet, we show in the following that charge dis-
continuities naturally emerge in many instances, based on
the microscopic implementation of TIs. Consider first a
TI consisting of a sudden permittivity increase (ε2 > ε1), as
sketched in Fig. 2a. In our transmission-line model, this
may be obtained by adding a capacitor in the parallel
branch of each L-C unit cell, which may be achieved
through a switching element with dynamics much faster

than the wave period. Indeed, this is the scheme used in
the experimental demonstration of temporal reflection in
ref. 34, based on a loaded transmission-line metamaterial
connected to a dense array of switched elements. After
closing the switch, the total bound charge Q per unit
length originally present in the parallel branch of the
transmission line is redistributed between the original
unit cell capacitance and the additional one, while the
voltage across the two parallel capacitors drops.
In the homogenization limit, consistent with Fig. 1d, this

phenomenon corresponds to the conservation of the mac-
roscopic displacement field D and an abrupt drop in E, in
agreement with the conventional conservation laws at a TI
with ε2 > ε1 (assuming no dispersion). The corresponding
scattering coefficients indeed read as in Eq. (4). The bottom
panel of Fig. 2a shows the logarithm of the ratio between final
and initial electromagnetic energy densityU / εjEj2 þ μjHj2
for the forward (dashed line) and backward (dotted line)
waves, their sum (total, continuous line) and the net elec-
tromagnetic (Minkowski) momentum density P ¼ D ´B
(corresponding to the difference between the forward and
backward wave energy density, multiplied by

ffiffi
ε

p
), as we vary

the ratio ε2=ε1 > 1. As expected, the time reflection grows as
the permittivity contrast increases, and the total energy after
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Fig. 2 Transmission line models for passive and active temporal boundaries. a, b Assuming that the bound charge Q is conserved, a
permittivity increase ε1 ! ε2 (a), represented in a transmission-line as the on-switching of a parallel lumped capacitor C1, results in charge
redistribution, which reduces the voltage V (electric field). In turn, this redistribution reduces (a, bottom) the total energy density U (continuous,
dashed and dotted lines denote respectively total, forward and backward energy densities in logarithmic scale, normalized to the initial value U0),
while the momentum flux density (red dot-dashed line) is conserved (P0 denotes the initial momentum). By contrast, a (b) permittivity reduction can
be achieved while conserving bound charges by transferring the charges before off-switching the capacitance C1, which requires gain (realized, e.g.,
via a current source), thus (b, bottom) increasing the energy in the system. c, d Voltage (electric field) continuity instead is observed in a passive
system upon a permittivity drop, whereby the bound charges in C1 (depicted in red) are switched out of the system, (c, bottom) reducing the total
energy, as well as the momentum density. Finally, imposing electric field continuity upon (d) a permittivity increase is equivalent to assuming that
the additional capacitance enters the system with a dynamically varying, nonzero bound charge, produced, e.g., by a current source, in order to
preserve the voltage, resulting in (d, bottom) an increase in total energy and momentum density
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equivalent to dropping a portion of the mass while it is
moving at a finite velocity, such that some of the
momentum in the system is abruptly lost. In this scenario,
the current J c, describing the velocity of all electrons
before a fraction of them leaves the system, must clearly
be continuous, along with the electric field Ex, i.e., the
voltage across the shunt branches, and with the magnetic
field, i.e., the current along the transmission-line.
These boundary conditions are consistent with what is

generally assumed in the literature on time-interfaces in
plasmas or dispersive media38. The more general model
shown in Eq. (8), however, highlights how the assumption
of current continuity implies that the term proportional to
the derivative of the inductance ∂t ½L�J c on the left side of
Eq. (8) must be compensated by a corresponding flux
linkage sink term to account for the energy stored in Lb

just before the TI, which is dissipated by its internal
resistance upon shorting it. As demonstrated explicitly in
ref. 38, these boundary conditions result in the scattering
coefficients

TJc ¼
ω1ðω2 þ ω1Þ

2ω2
2

;RJc ¼
ω1ðω2 � ω1Þ

2ω2
2

;

WJc ¼
ω2
p;2

ω2
2
ð1� ω2

p;1=ω
2
p;2Þ

ð9Þ

for the magnetic field, corresponding to forward traveling
waves, backward traveling waves, and a DCmode comprising
only conduction current and magnetic field, also called the
“wiggler mode”38, where ωj ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðω2

p;j þ ω2
0Þ

q
, ω0 ¼ c0k, and

the subscript J c indicates that the conduction current is
conserved at the temporal boundary.
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Fig. 3 Transmission-line models for passive and active temporal boundaries with Drude dispersion. a top: An increase in plasma frequency
can be modeled as the shorting of a series inductor in the shunt branch of a transmission-line. In this scenario, the current J in the branch remains
unchanged, along with the flux linkage on La , whereas the flux on Lb is lost. Mechanically, this scenario is analogous to particles leaving the system
(e.g. droplets leaving a water bucket) with their instantaneous velocity, carrying their momentum away. The analogy is corroborated by panel
(a, bottom), which shows how the total energy density (continuous blue line) in the system is reduced, along with the energy in the forward wave
(dashed line), and the electromagnetic momentum P (dashed red line) is reduced. By contrast, (b, top) reducing the plasma frequency by opening
the short can only preserve the current in the branch if the additional inductor Lb is prepared in such a state that its current at the switching instant
matches the one of the original inductor, (b, bottom) increasing the total energy and net momentum density. This is analogous to additional
particles entering a mechanical system with its identical instantaneous velocity, thereby increasing its total momentum without affecting its velocity.
Instead, in a passive system, (d, top) voltage spikes on the respective inductors resulting from the TI drive a finite current through the additional
inductor Lb , while abruptly reducing the current on La within an infinitesimal time interval, such that the total flux linkage is redistributed between
the two inductors, reducing the current Jc across the branch. Mechanically, this is analogous to adding particles with no initial velocity into the
system, and letting the system redistribute its momentum among them. As a result, (c, bottom) the total electromagnetic momentum is conserved,
whereas the total energy is reduced. (d, top) In a dual fashion, conserving flux linkage upon an increase in plasma frequency would require a gain
mechanism capable of replacing the flux lost by shorting the inductor Lb in the branch by increasing the current on La . Expectedly, (d, bottom) this
increases the energy density in the system, while conserving its momentum
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electron-hole pairs in a semiconductor. Moreover, suffi-
ciently high-frequency pumps can result in photoionization,
which can leave behind a similar charge imbalance. All of
these considerations naturally result in different conserva-
tion laws and macroscopic boundary conditions, which
need to be fully considered to be able to predict electro-
magnetic scattering at such TIs. Here, however, we restrict
ourselves to demonstrating that microscopic considerations
do indeed affect the macroscopic electrodynamics of time-
interfaces.
Moreover, although Fig. 2 considers two extreme sce-

narios in which D or E are continuous, real systems may
involve mixed boundary conditions, which conserve only
a fraction of the bound charge in the system, or other
quantities, since different microscopic phenomena may
coexist in the specific realization of a TI. In general, an
arbitrary interface charge σse in the displacement field
yields generalized scattering coefficients

Tσse ¼ ε1
2ε2

1þ
ffiffiffi
ε2
ε1

q
þ σse

� �

Rσse ¼ ε1
2ε2

1�
ffiffiffi
ε2
ε1

q
þ σse

� � ð7Þ

where σse ¼ σ se=Dxðt�Þ is the ratio between the interface
and bound charges at the TI. Note how both forward and
backward waves are equally affected by the charge term,
meaning that such charge discontinuity cannot redirect
power, but only damp or enhance both forward and
backward waves. Interestingly, there is a condition on the
interface charge σse whereby time-reflected waves are
entirely eliminated, a form of impedance matching for the
time-interface. This occurs concurrently with the exact
matching between the energy lost by the partial charge sink
and the gain deriving from the permittivity reduction upon
partial charge conservation, as discussed in Sec. 2 of the SM.
By contrast, maximum charge discontinuity σse is obtained
in the limit of totally disconnecting the additional capaci-
tance, i.e., σse;max ¼ ðε2 � ε1Þ=ε1, which corresponds to the
case of electric field continuity. In SM Sec. 3, we derive
generalized formulas for the electromagnetic energy and
momentum density under arbitrary charge discontinuity.
These findings may also be relevant in the context of the

ongoing discussion on the level of energy required to
drive time crystals and space-time metamaterials43–45. In
these discussions, it is clear that proper boundary condi-
tions and specific microscopic phenomena need to be
carefully considered to account for the emergent macro-
scopic dynamics. The short timescales involved in ultra-
fast processes involve by definition large bandwidths and,
especially when considering polaritonic materials with
large nonlinearities, it becomes necessary to account for
the effect of temporal dispersion. In this context, our
findings can be straightforwardly extended to dispersive
media, for which the presence of interface charges may

have other interesting implications. As a canonical
example, consider a Drude medium in which the plasma
frequency is abruptly changed in time. This phenomenon
may arise upon a modification of carrier density, e.g.,
through interband pumping, or of effective mass, if car-
riers are driven towards a non-parabolic regime. These
opportunities connect to the recent interest in polaritonic
materials for time-interfaces, as in the case of indium tin
oxide46 whose ultrafast nonlinearities are being discussed
as an excellent platform for observing these phenomena
in optics47–49. Switching the plasma frequency has been
also studied by the plasma physics community (see, e.g.,
refs. 37,38,50,51), typically assuming the continuity of cur-
rent density Jc, electric field E and magnetic field H38,
consistent with the modeling of continuous temporal
variations of Drude media30,31,52,53. Next, we explore the
impact of different microscopic implementations on TIs
involving dispersive media.
To account for the Drude response, we introduce an

additional equation for the Drude current Jc in Eq. (1).
Starting from the equation of motion for a single free
electron ∂t ½m∂tx� ¼ ∂tm∂txþm∂2t x ¼ �eEx, we define
the macroscopic current J c ¼ �eN∂tx, with the time-
dependent density of electrons NðtÞ and effective mass
mðtÞ, and include a voltage (electric field) source term Es

to obtain the general equation

∂t
m
e2N

� �
J c

h i
¼ ∂tφ ¼ L∂t½J c� þ ∂t½L�J c ¼ Ex þ Es

ð8Þ

The expression m=ðe2NÞ � LðtÞ ¼ ½ε0ω2
pðtÞ��1 defines

the inductance of the Drude electrons, while the product
LJc ¼ φ corresponds to the magnetic flux linkage result-
ing from the conduction current, which behaves as the
electromagnetic momentum contributed by the Drude
electrons. Importantly, the time derivative of L in Eq. (8),
which reduces to a delta function for an instantaneous
switching event, contributes part of the magnetic flux
linkage entering or leaving the system, parallel to the term
∂t ½ε� in Eq. (6), and it is similarly dependent on the
microscopic implementation of a TI.
Figure 3 shows a transmission-line representation of a

time-interface involving a Drude material, analogous to
Fig. 2 for the non-dispersive case. Here, an inductive
shunt branch describes the Drude electron contribution.
Assuming first that the plasma frequency is increased at a
TI (Fig. 3a), we can model this effect by shorting one of
two series inductors in the Drude inductive branch, where
the total flux linkage in the shunt branch is φ ¼ ðLa þ
LbÞJ c ¼ LsJc before the TI. At the instant when Lb is
shorted, the magnetic flux linkage LbJc stored in it is lost,
similar to when we switched off the electric charges in C1

in Fig. 2c. In a mechanical analogy, this phenomenon is
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equivalent to dropping a portion of the mass while it is
moving at a finite velocity, such that some of the
momentum in the system is abruptly lost. In this scenario,
the current J c, describing the velocity of all electrons
before a fraction of them leaves the system, must clearly
be continuous, along with the electric field Ex, i.e., the
voltage across the shunt branches, and with the magnetic
field, i.e., the current along the transmission-line.
These boundary conditions are consistent with what is

generally assumed in the literature on time-interfaces in
plasmas or dispersive media38. The more general model
shown in Eq. (8), however, highlights how the assumption
of current continuity implies that the term proportional to
the derivative of the inductance ∂t ½L�J c on the left side of
Eq. (8) must be compensated by a corresponding flux
linkage sink term to account for the energy stored in Lb

just before the TI, which is dissipated by its internal
resistance upon shorting it. As demonstrated explicitly in
ref. 38, these boundary conditions result in the scattering
coefficients

TJc ¼
ω1ðω2 þ ω1Þ

2ω2
2

;RJc ¼
ω1ðω2 � ω1Þ

2ω2
2

;

WJc ¼
ω2
p;2

ω2
2
ð1� ω2

p;1=ω
2
p;2Þ

ð9Þ

for the magnetic field, corresponding to forward traveling
waves, backward traveling waves, and a DCmode comprising
only conduction current and magnetic field, also called the
“wiggler mode”38, where ωj ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðω2

p;j þ ω2
0Þ

q
, ω0 ¼ c0k, and

the subscript J c indicates that the conduction current is
conserved at the temporal boundary.
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Fig. 3 Transmission-line models for passive and active temporal boundaries with Drude dispersion. a top: An increase in plasma frequency
can be modeled as the shorting of a series inductor in the shunt branch of a transmission-line. In this scenario, the current J in the branch remains
unchanged, along with the flux linkage on La , whereas the flux on Lb is lost. Mechanically, this scenario is analogous to particles leaving the system
(e.g. droplets leaving a water bucket) with their instantaneous velocity, carrying their momentum away. The analogy is corroborated by panel
(a, bottom), which shows how the total energy density (continuous blue line) in the system is reduced, along with the energy in the forward wave
(dashed line), and the electromagnetic momentum P (dashed red line) is reduced. By contrast, (b, top) reducing the plasma frequency by opening
the short can only preserve the current in the branch if the additional inductor Lb is prepared in such a state that its current at the switching instant
matches the one of the original inductor, (b, bottom) increasing the total energy and net momentum density. This is analogous to additional
particles entering a mechanical system with its identical instantaneous velocity, thereby increasing its total momentum without affecting its velocity.
Instead, in a passive system, (d, top) voltage spikes on the respective inductors resulting from the TI drive a finite current through the additional
inductor Lb , while abruptly reducing the current on La within an infinitesimal time interval, such that the total flux linkage is redistributed between
the two inductors, reducing the current Jc across the branch. Mechanically, this is analogous to adding particles with no initial velocity into the
system, and letting the system redistribute its momentum among them. As a result, (c, bottom) the total electromagnetic momentum is conserved,
whereas the total energy is reduced. (d, top) In a dual fashion, conserving flux linkage upon an increase in plasma frequency would require a gain
mechanism capable of replacing the flux lost by shorting the inductor Lb in the branch by increasing the current on La . Expectedly, (d, bottom) this
increases the energy density in the system, while conserving its momentum
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electron-hole pairs in a semiconductor. Moreover, suffi-
ciently high-frequency pumps can result in photoionization,
which can leave behind a similar charge imbalance. All of
these considerations naturally result in different conserva-
tion laws and macroscopic boundary conditions, which
need to be fully considered to be able to predict electro-
magnetic scattering at such TIs. Here, however, we restrict
ourselves to demonstrating that microscopic considerations
do indeed affect the macroscopic electrodynamics of time-
interfaces.
Moreover, although Fig. 2 considers two extreme sce-

narios in which D or E are continuous, real systems may
involve mixed boundary conditions, which conserve only
a fraction of the bound charge in the system, or other
quantities, since different microscopic phenomena may
coexist in the specific realization of a TI. In general, an
arbitrary interface charge σse in the displacement field
yields generalized scattering coefficients

Tσse ¼ ε1
2ε2

1þ
ffiffiffi
ε2
ε1

q
þ σse

� �

Rσse ¼ ε1
2ε2

1�
ffiffiffi
ε2
ε1

q
þ σse

� � ð7Þ

where σse ¼ σ se=Dxðt�Þ is the ratio between the interface
and bound charges at the TI. Note how both forward and
backward waves are equally affected by the charge term,
meaning that such charge discontinuity cannot redirect
power, but only damp or enhance both forward and
backward waves. Interestingly, there is a condition on the
interface charge σse whereby time-reflected waves are
entirely eliminated, a form of impedance matching for the
time-interface. This occurs concurrently with the exact
matching between the energy lost by the partial charge sink
and the gain deriving from the permittivity reduction upon
partial charge conservation, as discussed in Sec. 2 of the SM.
By contrast, maximum charge discontinuity σse is obtained
in the limit of totally disconnecting the additional capaci-
tance, i.e., σse;max ¼ ðε2 � ε1Þ=ε1, which corresponds to the
case of electric field continuity. In SM Sec. 3, we derive
generalized formulas for the electromagnetic energy and
momentum density under arbitrary charge discontinuity.
These findings may also be relevant in the context of the

ongoing discussion on the level of energy required to
drive time crystals and space-time metamaterials43–45. In
these discussions, it is clear that proper boundary condi-
tions and specific microscopic phenomena need to be
carefully considered to account for the emergent macro-
scopic dynamics. The short timescales involved in ultra-
fast processes involve by definition large bandwidths and,
especially when considering polaritonic materials with
large nonlinearities, it becomes necessary to account for
the effect of temporal dispersion. In this context, our
findings can be straightforwardly extended to dispersive
media, for which the presence of interface charges may

have other interesting implications. As a canonical
example, consider a Drude medium in which the plasma
frequency is abruptly changed in time. This phenomenon
may arise upon a modification of carrier density, e.g.,
through interband pumping, or of effective mass, if car-
riers are driven towards a non-parabolic regime. These
opportunities connect to the recent interest in polaritonic
materials for time-interfaces, as in the case of indium tin
oxide46 whose ultrafast nonlinearities are being discussed
as an excellent platform for observing these phenomena
in optics47–49. Switching the plasma frequency has been
also studied by the plasma physics community (see, e.g.,
refs. 37,38,50,51), typically assuming the continuity of cur-
rent density Jc, electric field E and magnetic field H38,
consistent with the modeling of continuous temporal
variations of Drude media30,31,52,53. Next, we explore the
impact of different microscopic implementations on TIs
involving dispersive media.
To account for the Drude response, we introduce an

additional equation for the Drude current Jc in Eq. (1).
Starting from the equation of motion for a single free
electron ∂t ½m∂tx� ¼ ∂tm∂txþm∂2t x ¼ �eEx, we define
the macroscopic current J c ¼ �eN∂tx, with the time-
dependent density of electrons NðtÞ and effective mass
mðtÞ, and include a voltage (electric field) source term Es

to obtain the general equation

∂t
m
e2N

� �
J c

h i
¼ ∂tφ ¼ L∂t½J c� þ ∂t½L�J c ¼ Ex þ Es

ð8Þ

The expression m=ðe2NÞ � LðtÞ ¼ ½ε0ω2
pðtÞ��1 defines

the inductance of the Drude electrons, while the product
LJc ¼ φ corresponds to the magnetic flux linkage result-
ing from the conduction current, which behaves as the
electromagnetic momentum contributed by the Drude
electrons. Importantly, the time derivative of L in Eq. (8),
which reduces to a delta function for an instantaneous
switching event, contributes part of the magnetic flux
linkage entering or leaving the system, parallel to the term
∂t ½ε� in Eq. (6), and it is similarly dependent on the
microscopic implementation of a TI.
Figure 3 shows a transmission-line representation of a

time-interface involving a Drude material, analogous to
Fig. 2 for the non-dispersive case. Here, an inductive
shunt branch describes the Drude electron contribution.
Assuming first that the plasma frequency is increased at a
TI (Fig. 3a), we can model this effect by shorting one of
two series inductors in the Drude inductive branch, where
the total flux linkage in the shunt branch is φ ¼ ðLa þ
LbÞJ c ¼ LsJc before the TI. At the instant when Lb is
shorted, the magnetic flux linkage LbJc stored in it is lost,
similar to when we switched off the electric charges in C1

in Fig. 2c. In a mechanical analogy, this phenomenon is
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Discussion
In this work, we have demonstrated the paramount

importance of considering the microscopic implementa-
tion of time-interfaces to properly model their rich elec-
trodynamics. Boundary conditions and associated
conservation laws at temporal scattering phenomena can
be profoundly affected by the specific mechanisms
underlying time variations in materials, offering oppor-
tunities for rich physics discoveries. Our results have
implications for both quasi-instantaneous switching
events, as well as continuous modulations, and overcome
long-held misconceptions on the physics of time-varying
photonic systems by exposing problems and opportunities
that arise from the use of proper boundary conditions,
both to model existing and future experiments22,29–31,34,52

and to explore new regimes for time-interfaces, time-
crystals and space-time metamaterials.
We considered both non-dispersive and dispersive

materials, paving the way towards a wider exploration of
the physics behind time-modulated and time-switched
photonic systems, which may generally include struc-
tures characterized by additional modes, stemming from
geometric or material resonances, e.g., in phononic
systems and photonic crystals. In particular, different
boundary conditions can impact both the total energy
balance resulting off a spatio-temporal modulation of
e.g. photonic waveguides55, and the overall mode dis-
tribution, depending on whether material dispersion is
accounted for.
We emphasize that this work does not offer a com-

prehensive account of the wealth of microscopic physics
that can dominate the response of temporal interfaces in
optical materials, but aims at highlighting representative
examples of how, even in the simplest implementations,
microscopic considerations must be properly considered
in modeling the macroscopic electrodynamics of time
interfaces, and may have a strong impact on their mac-
roscopic response and energy balance. Finally, amidst
the current exploration of ultrafast femtosecond-
timescale responses exhibited by transparent conduct-
ing oxides in the near-infrared2,3,29–31, our work opens
new vistas towards the macroscopic modeling of ultra-
fast nonlinearities, complementing the microscopic
nonequilibrium dynamics currently under intense
scrutiny47–49.
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Figure 3a (bottom) shows the energy density

U / ½ðεþ ∂ωεÞjEj2 þ μjHj2� ð10Þ

and net momentum

P / ½ðεþ ω∂ωεÞjEj2 þ μjHj2�=ω ð11Þ

for propagating waves in a dispersive medium54 before
and after a TI (where εðωÞ ¼ 1� ω2

p=ω
2 and μ ¼ μ0 ¼ 1),

demonstrating that the energy density is reduced along
with part of the electromagnetic momentum (dashed red
line), as expected from the loss of flux linkage.
Let us now consider the opposite scenario, whereby the

second inductor is initially shorted and then connected to
the shunt branch, as in Fig. 3b. To avoid a drop in current
density resulting from the introduction of the additional
inductor Lb, the latter must be prepared with an initial
current Jb ¼ J c, identical to the one initially on La, upon
entering the system. Clearly, the total flux linkage here
increases from φ ¼ LaJc to φ0 ¼ ðLa þ LbÞJc, together with
the total energy density and net momentum in the system
(Fig. 3b, bottom). This is analogous to introducing addi-
tional particles in a mechanical system at the same velo-
city as the initial ones, increasing the total momentum of
the system. This is not surprising, since a time-interface
conserving current upon a plasma frequency reduction
must necessarily provide gain. In fact, both the reduction
and increase in flux linkage LJc, which guarantee current
conservation, occur via an external voltage sink or source
Es, which acts as a δ-function at the instant of switching,
dual to the mechanism that removes or introduces extra
charges in the active, non-dispersive scenarios, canceling
the term ∂t½L�J c in Eq. (8).
Figure 3c considers the scenario in which we open the

short without providing an external kick, i.e., in a pas-
sive fashion. As the switch is opened, a voltage spike,
dual to the current spike that occurs upon closing the
switch in the non-dispersive case (see Fig. 2a), stabilizes
the current in the shunt inductive branch by forcing a
current J c0 ¼ ðL1=LsÞJc through L2, which ensures that
the flux linkage φ is conserved. Here it is important to
point out that an instantaneous model of this problem
is only appropriate when the microscopic dynamics is
much faster than the field oscillations. This is analogous
to a mechanical scenario where additional particles are
added to the system with zero initial velocity, thus
conserving the total momentum of the system, which is
instead redistributed among them, such that the parti-
cle velocity is instead reduced, in analogy with the
current J c ! J c0. This condition corresponds precisely
to the case where the additional term in Eq. (8), which
features the time-derivative of the inductance, is not
counteracted by a source, and therefore acts as a

current sink. Applying accordingly the continuity of E,
H and φ yields magnetic-field scattering coefficients
(see SM Sec. 4)

Tφ ¼ ω2 þ ω1

2ω1
;Rφ ¼ ω2 � ω1

2ω1
;Wφ ¼ 0 ð12Þ

where the subscript φ denotes flux linkage conservation.
Importantly, (Fig. 3c, bottom) conservation of the net
momentum density cements our mechanical analogy,
while the total energy density is reduced as expected.
By contrast, shorting the additional inductor Lb while

simultaneously applying an external instantaneous vol-
tage across La via an auxiliary source (Fig. 3d) can
compensate for the flux linkage LbJc lost by shorting Lb,
changing the current in La from J c to J c0 ¼ ½ðLa þ
LbÞ=La�Jc. This dynamic is equivalent to accelerating the
remaining particles in a system to match the total
momentum it carried before a fraction of them were
removed, and generally results in (bottom panel) an
increase of the total energy in the system. Note how,
under this boundary condition, the amplitude of the DC
wiggler mode is identically zero. In Fig. 3c, this is because
there is no flux left in Lb to form a local DC current,
which is present instead in e.g. panel (a). This is also the
case for panel (d), where the additional voltage source
provides the exact amount of flux lost upon shorting Lb,
thus canceling any hanging DC current. Plots of the
scattering coefficients for the respective cases are given in
SM Sec. 5, highlighting widely different scattering phe-
nomena emerging as a function of the underlying
boundary conditions and conservation laws, while
numerical field plots are provided in SM Sec. 6.
Finally, an interesting duality underpins the phe-

nomenology of TIs in dispersive and non-dispersive
media: the loss naturally occurring upon charge redis-
tribution in the non-dispersive scenario in Fig. 2a is in
fact dual to the one occurring upon flux redistribution
in the dispersive scenario of Fig. 3c. Similarly, the loss
of charge into a decoupled DC mode in the non-
dispersive scenario shown in Fig. 2c parallels the loss of
flux into the DC/wiggler mode of Fig. 3a. Identical
parallels exist between Fig. 2b and Fig. 3d, whereby
charge and flux are respectively pumped into one of the
two capacitors or inductors by an external pumping
mechanism, and to Fig. 2d and Fig. 3b, whereby the
additional capacitors or inductors entering the system
are prepared in an initial state which matches respec-
tively the voltage or current just before the TI. In
general, our framework identifies how flux linkage in
the dispersive scenario mimics the role of bound
charges at a non-dispersive TI.
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Discussion
In this work, we have demonstrated the paramount

importance of considering the microscopic implementa-
tion of time-interfaces to properly model their rich elec-
trodynamics. Boundary conditions and associated
conservation laws at temporal scattering phenomena can
be profoundly affected by the specific mechanisms
underlying time variations in materials, offering oppor-
tunities for rich physics discoveries. Our results have
implications for both quasi-instantaneous switching
events, as well as continuous modulations, and overcome
long-held misconceptions on the physics of time-varying
photonic systems by exposing problems and opportunities
that arise from the use of proper boundary conditions,
both to model existing and future experiments22,29–31,34,52

and to explore new regimes for time-interfaces, time-
crystals and space-time metamaterials.
We considered both non-dispersive and dispersive

materials, paving the way towards a wider exploration of
the physics behind time-modulated and time-switched
photonic systems, which may generally include struc-
tures characterized by additional modes, stemming from
geometric or material resonances, e.g., in phononic
systems and photonic crystals. In particular, different
boundary conditions can impact both the total energy
balance resulting off a spatio-temporal modulation of
e.g. photonic waveguides55, and the overall mode dis-
tribution, depending on whether material dispersion is
accounted for.
We emphasize that this work does not offer a com-

prehensive account of the wealth of microscopic physics
that can dominate the response of temporal interfaces in
optical materials, but aims at highlighting representative
examples of how, even in the simplest implementations,
microscopic considerations must be properly considered
in modeling the macroscopic electrodynamics of time
interfaces, and may have a strong impact on their mac-
roscopic response and energy balance. Finally, amidst
the current exploration of ultrafast femtosecond-
timescale responses exhibited by transparent conduct-
ing oxides in the near-infrared2,3,29–31, our work opens
new vistas towards the macroscopic modeling of ultra-
fast nonlinearities, complementing the microscopic
nonequilibrium dynamics currently under intense
scrutiny47–49.
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Figure 3a (bottom) shows the energy density

U / ½ðεþ ∂ωεÞjEj2 þ μjHj2� ð10Þ

and net momentum

P / ½ðεþ ω∂ωεÞjEj2 þ μjHj2�=ω ð11Þ

for propagating waves in a dispersive medium54 before
and after a TI (where εðωÞ ¼ 1� ω2

p=ω
2 and μ ¼ μ0 ¼ 1),

demonstrating that the energy density is reduced along
with part of the electromagnetic momentum (dashed red
line), as expected from the loss of flux linkage.
Let us now consider the opposite scenario, whereby the

second inductor is initially shorted and then connected to
the shunt branch, as in Fig. 3b. To avoid a drop in current
density resulting from the introduction of the additional
inductor Lb, the latter must be prepared with an initial
current Jb ¼ J c, identical to the one initially on La, upon
entering the system. Clearly, the total flux linkage here
increases from φ ¼ LaJc to φ0 ¼ ðLa þ LbÞJc, together with
the total energy density and net momentum in the system
(Fig. 3b, bottom). This is analogous to introducing addi-
tional particles in a mechanical system at the same velo-
city as the initial ones, increasing the total momentum of
the system. This is not surprising, since a time-interface
conserving current upon a plasma frequency reduction
must necessarily provide gain. In fact, both the reduction
and increase in flux linkage LJc, which guarantee current
conservation, occur via an external voltage sink or source
Es, which acts as a δ-function at the instant of switching,
dual to the mechanism that removes or introduces extra
charges in the active, non-dispersive scenarios, canceling
the term ∂t½L�J c in Eq. (8).
Figure 3c considers the scenario in which we open the

short without providing an external kick, i.e., in a pas-
sive fashion. As the switch is opened, a voltage spike,
dual to the current spike that occurs upon closing the
switch in the non-dispersive case (see Fig. 2a), stabilizes
the current in the shunt inductive branch by forcing a
current J c0 ¼ ðL1=LsÞJc through L2, which ensures that
the flux linkage φ is conserved. Here it is important to
point out that an instantaneous model of this problem
is only appropriate when the microscopic dynamics is
much faster than the field oscillations. This is analogous
to a mechanical scenario where additional particles are
added to the system with zero initial velocity, thus
conserving the total momentum of the system, which is
instead redistributed among them, such that the parti-
cle velocity is instead reduced, in analogy with the
current J c ! J c0. This condition corresponds precisely
to the case where the additional term in Eq. (8), which
features the time-derivative of the inductance, is not
counteracted by a source, and therefore acts as a

current sink. Applying accordingly the continuity of E,
H and φ yields magnetic-field scattering coefficients
(see SM Sec. 4)

Tφ ¼ ω2 þ ω1

2ω1
;Rφ ¼ ω2 � ω1

2ω1
;Wφ ¼ 0 ð12Þ

where the subscript φ denotes flux linkage conservation.
Importantly, (Fig. 3c, bottom) conservation of the net
momentum density cements our mechanical analogy,
while the total energy density is reduced as expected.
By contrast, shorting the additional inductor Lb while

simultaneously applying an external instantaneous vol-
tage across La via an auxiliary source (Fig. 3d) can
compensate for the flux linkage LbJc lost by shorting Lb,
changing the current in La from J c to J c0 ¼ ½ðLa þ
LbÞ=La�Jc. This dynamic is equivalent to accelerating the
remaining particles in a system to match the total
momentum it carried before a fraction of them were
removed, and generally results in (bottom panel) an
increase of the total energy in the system. Note how,
under this boundary condition, the amplitude of the DC
wiggler mode is identically zero. In Fig. 3c, this is because
there is no flux left in Lb to form a local DC current,
which is present instead in e.g. panel (a). This is also the
case for panel (d), where the additional voltage source
provides the exact amount of flux lost upon shorting Lb,
thus canceling any hanging DC current. Plots of the
scattering coefficients for the respective cases are given in
SM Sec. 5, highlighting widely different scattering phe-
nomena emerging as a function of the underlying
boundary conditions and conservation laws, while
numerical field plots are provided in SM Sec. 6.
Finally, an interesting duality underpins the phe-

nomenology of TIs in dispersive and non-dispersive
media: the loss naturally occurring upon charge redis-
tribution in the non-dispersive scenario in Fig. 2a is in
fact dual to the one occurring upon flux redistribution
in the dispersive scenario of Fig. 3c. Similarly, the loss
of charge into a decoupled DC mode in the non-
dispersive scenario shown in Fig. 2c parallels the loss of
flux into the DC/wiggler mode of Fig. 3a. Identical
parallels exist between Fig. 2b and Fig. 3d, whereby
charge and flux are respectively pumped into one of the
two capacitors or inductors by an external pumping
mechanism, and to Fig. 2d and Fig. 3b, whereby the
additional capacitors or inductors entering the system
are prepared in an initial state which matches respec-
tively the voltage or current just before the TI. In
general, our framework identifies how flux linkage in
the dispersive scenario mimics the role of bound
charges at a non-dispersive TI.
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Coupled non-Hermitian skin effect with
exceptional points
Guo-Huai Wang1, Ran Tao1, Zhen-Nan Tian 1✉, Qi-Dai Chen 1✉ and Xu-Lin Zhang 1✉

Abstract
Non-Hermitian systems exhibit two unique hallmarks: exceptional points (EPs) and non-Hermitian skin effect (NHSE).
The EP arises from the interplay of multiple energy levels, marked by degeneracy in eigenvalue spectra, while the
NHSE is associated with the localization feature of eigenfunctions. Due to their different origins and consequences, the
interplay between the two hallmarks has drawn considerable interest. Here, we propose the concept of coupled NHSE,
i.e., two non-Hermitian systems with independent NHSE are coupled together. We find that by introducing non-
Hermitian losses with special symmetry, multiple pairs of EPs can appear, greatly compressing the eigenvalue
spectrum and accelerating the breakdown of the coupled NHSE. In contrast, the attenuation of coupled NHSE is
significantly alleviated in systems without EPs. In this sense, the EP can act as a degree of freedom to tune the NHSE
and govern the non-Hermitian dynamics. The proposed concept is experimentally realized in photonic lattices with
artificial gauge fields, which will bridge these two significant concepts and open avenues for non-Hermitian
applications simultaneously associated with them.

Introduction
Non-Hermitian physics extends the principle of quan-

tum mechanics to systems that no longer adhere to
Hermiticity, offering a broader framework to describe
nonequilibrium open systems1–3. The non-Hermitian
formulation allows the Hamiltonian to have complex
eigenvalues and nonorthogonal eigenstates, engendering
unique and exotic phenomena that have no counterpart in
Hermitian systems. Among them, the existence of
exceptional points (EPs) has attracted significant interest,
at which both the eigenvalues and eigenstates coalesce,
serving as a phase transition point of non-Hermitian
systems4–6. The EP possesses a self-intersecting energy
topology, which exhibits fruitful physical consequences
that can be employed for various applications7–18.
Another intriguing hallmark of non-Hermitian systems is
the non-Hermitian skin effect (NHSE)19–27. In this case, a
multitude of eigenstates are localized at the boundary as
skin modes, accompanied by the intense sensitivity of the

bulk states to the boundary conditions. Such feature leads
to the breakdown of traditional bulk-boundary corre-
spondence, prompting a reexamination of the impact of
non-Hermicity on topological phases28–32. Correspond-
ingly, the non-Bloch band theory has been developed to
describe the feature of the skin modes33,34, accompanied
by the discovery of many intriguing effects, such as
higher-order skin effect35–38, hybrid skin-topological
effect39–43 and dynamic skin effect44–47. Recently, inves-
tigating the connection between EPs and NHSE has gar-
nered significant attention, with many efforts dedicated to
elucidating their interplay3,28,37,48–50. However, when
focusing on the framework of interaction within multiple
non-Hermitian systems, the interplay between these two
non-Hermitian hallmarks remains a considerably unex-
plored territory both theoretically and experimentally.
Here, we investigate the synergistic effects by coupling

two non-Hermitian systems with independent NHSE and
propose the concept of coupled NHSE, in which EPs can
emerge and tune the coupled NHSE, thus revealing the
interplay between EP and NHSE. Initially, we realize the
skin effect in a dissipative photonic lattice with curved
waveguides, where the skin effect arises from the interplay
between the artificial gauge field (AGF) and on-site losses.
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